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1 Introduction

John Harrison built his sea clocks, H.1 and H.2, in the early part of the 18th
Century. They were his first attempts to win the Longitude Prize. It is
often reported that H.1 and H.2 are isochronal machines save for the effects
of the recoil error of their grasshopper escapements. But as Vandyck, [1],
2] and [3], showed more than a decade ago the temperature compensators
used in Harrison’s first two sea clocks introduce nonlinearly in the balance
springs and insures that they are anisochronal; however, Vandyck considers
a spring-balance system that differs significantly from those used in H.1 and
H.2. Here we shall present a corrected analysis of the anisochronism of these
mechanisms and apply the results to a detail study of H.1. We shall see that
the effects of anisochronism are strong, which leads us to believe that, due
to the similarity of their balance systems, both H.1 and H.2 are perhaps the
most anisochronal machines that Harrison ever built.

2 H.1’s Oscillator

Two dumbbell balances, A and B, and the four balance springs, C through
F, are illustrated in Fig. 1. The balances are shown in the neutral position
where the deflection angle & = 0. They are tied together at G with two
criss-crossing flexible straps. This forces the balances A and B to rotate in
opposite directions to reduce their sensitivity to the motion of the support
frame. The label of each balance points to its respective center of rotation.
One end of each spring is attached to a stationary mast R. The other end is
attached to one of the four circular cheeks on the balance frames by means of
one of four flexible flat wires N through Q. Notice that as the balances rotate
to stretch the top springs C and D, the bottom springs E and F contract. The
center of curvature of each cheek is coincident with the center of its balance
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Figure 1: The balances viewed from the front of H.1.

arbor.! Its radius of curvature is about 200 mm. Each spring is stretched
before its flat wire is attached to the cheek. The labels N through Q point
to the attachment locations.

A helical spring is a linear device providing a force proportional to its
stretch and as the cheeks are circular segments with centers at M and L,
the restoring torque applied to the balances is also linear in the deflection
angle . Thus disregarding escapement error and left in this configuration
this mechanism would be isochronal. But to this system Harrison added
a temperature compensator. As illustrate in Fig. 2 he wound each spring
first in one direction and then in the opposite direction. Next on each of
the four springs he placed a pin S at the winding reversal. The pin S is
free at the neutral position, but when the balances rotate and the spring
contracts the pin S eventually contacts the pad T. This contact blocks the

!The center of the cheek may have been shifted in an attempt to reduce the anisochro-
nism.



Figure 2: The spring and compensator mechanism of H.1.

further contraction of the first few coils of the spring. Thus when S touches
T the spring has 5.5 active coils, and when S does not touch T it has 8
active coils. You will notice that during a complete oscillation the top and
bottom pins alternate periods of contact with the pads. These periods of
contact are separated by yet other periods where all four pins are out of
contact. Let us plot the stiffness of each set of two springs that act on each
balance; for example, the springs C and E acting on the balance A. (See
Fig. 3.) We assume the balance starts at the neutral position. Both springs
have 8 active coils with stiffness K. Thus the total stiffness is 2K;. Next
the balance rotates away from the neutral position until at angle # = . one
of the pins, say the bottom pin on spring E, contacts its pad. The stiffness
of that spring changes from K to Kg. Thus the total stiffness of the two
springs is now Kg + K, a level which is maintained as the swing reaches
maximum amplitude and returns to 6. where the pin once again drops out
of contact with the pad and the total stiffness returns to 2K. This action
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Figure 3: The stiffness curve for each set of H.1’s balance springs.

is symmetric about the neutral position, and thus the total stiffness remains
at 2K, until it increases once more as the balance passes —6. and the top
pin on spring C makes contact with its pad.

Harrison introduced the four sets of pads T" and pins S into H.1 to com-
pensate for the natural tendency of the clock rate to vary during a temper-
ature change due to the thermal expansion of the balance and temperature
dependence of the spring stiffness. Let us see how his compensator achieves
this goal. Suppose under conditions of constant temperature we move each
pad T towards its balance so as to decrease 6. and thereby increase the du-
ration of contact with each pin S. The oscillation rate will increase because
we have moved the stiffness transitions at 8. and —6,. towards the center
of the plot in Fig. 3 and thereby increased the average stiffness of the bal-
ance springs. Next suppose we increase the temperature. This reduces the
spring stiffness and causes the stiffness curve to drop slightly towards the
origin. Given that we have selected the appropriate change in pad position
this change in temperature will bring the rate back to its initial value. Indeed
Harrison adjusted his grid-iron mechanism to do just this. But unfortunately
there is another way we can change the average stiffness. Just change the
semi arc 0,,q,,. This is the source of the anisochronism in the mechanisms
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used in both H.1 and H.2.

3 Theory

Vandyck, [2] and [3], presents a detailed analysis of a spring system that
differs from the actual configuration of H.1 in a very important way. He
considers a single spring and balance with only one jump in stiffness at 6.
and not at —@.. Fortunately it is straight forward to apply his approach to
the profile illustrated in Fig. 3. The details of the derivation, which do not
include either an escapement or damping, are contained in the Appendix.
The results are expressed in terms of the normalized pad position o and the
stiffness parameter 3:

o = 0./0mas (1)
B = \2K./(Kp + Ks). (2)

The period of the oscillation T is given by Eq. 16, which is repeated here

T
;T—TO = fBcos ta+tan! (%) . (3)

The quantity Ty is the period of the oscillation of the balance when the
springs remain unblocked throughout their motion.

Expressions are also derived for the anisochronism A and compensator
loss C. The compensator loss C gives the loss in rate as 6. is increased, and
the anisochronism A gives the gain in rate as 6,,,, increases. The key result
of the analysis is .

emam

A=_—"¢. (4)

Thus the compensated balance system is anisochronal in proportion to the
sensitivity of the temperature compensation. Simply stated this result says
that an effective temperature compensator will make the clock anisochronal.

4 Analysis of H.1

It is reported that H.1 goes at about 6,,,, = 96 mrad or 5.5 degrees. We
also know that the stiffness of a coil spring is inversely proportional to the



number of active coils. Consequently we find that

2x 1L
8 —0.90. (5)
s tss
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We use these values of § and 6,,,, to obtain the curves for C and A shown in
Fig. 4. This plot represents all possible configurations that Harrison might
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Figure 4: The compensation loss C (dashed line) and anisochronism A (solid
line) of H.1.

have used for the pad angle 6.. For example suppose he adjusted the com-
pensator pads to 6. = 54 mrad. The solid curve for A indicates that H.1
would go 24 s/day faster when the semi arc 6,,,, increased by 1 mrad, and
the dashed curve for C indicates that it would go 43 s/day slower when the
temperature compensator increased the pad angle 6. by 1 mrad. Of course
what we do not know is the actual value of 6. that Harrison used. Fortunately
the information reported by Fletcher [4] will provide us with an estimate of
C, which we can then use to determine . and A for H.1.

Fletcher notes that the compensator wedge V moves about 10 mm for
a 70 °F change in temperature. The wedge slides along the calipers U on



0. A C Compensation | Temperature
(mrad) | (s/day/mrad) | (s/day/mrad) | (s/day/°F) (°F)
48.75 34 55 8.3 95
54 24 43 7 60
59.25 17 34 5 25

Table 1: Anisochronism and thermal compensation for H.1

a surface that has a slope of 2.5 degrees.? As a consequence the wedge
displaces each caliper sideways approximately 10 X sin(2.5°) = 0.44 mm at
the point of contact between the wedge and the caliper, but as each caliper
pivots about its mounting point W, the pad T is leveraged out about 1.5
times this distance or 0.66 mm. The stiffness transition caused by the pin
contacting the pad will then occur at a shifted position. Because the pad is
placed at 2.5 coils along an 8-coil spring the balance must move its end of
the spring a proportionally greater amount to reach the new location of the
stiffness transition. We estimate this distance to be 0.66 x 8/2.5 = 2.1 mm,
and to achieve this the balance must rotate by 2.1/200 = 0.0105 rad. Thus
a temperature change of 70 °F results in a 10.5 mrad change in 6.. If the
desired rate correction is v =7 s/day/°F, the required compensation loss is

C =7x70/10.5 = 43 s/day/mrad, (6)

and as we saw earlier this value of C occurs when 6. = 54 mrad. We also know
that A = 24 s/day/mrad at this value of 6.. Moreover, a grasshopper escape-
ment results in additional positive anisochronism, which is not accounted for
here. Escapement error will affect the value of A but not C.

Suppose Harrison adjusted the pads so that . = 54 mrad at 60 °F with
the intention that the compensator operate over a temperature range from
25 °F to 95 °F. During this temperature change the compensator pads will
move a total of 10.5 mrad. As shown in Table 1 this will result in differing
amounts of temperature compensation as we move across this range. The
desired setting for the temperature compensation is v = 7 s/day/mrad, but
the actual compensation that is achieved ranges from 5 to 8.3 s/day/mrad
and thus deviates from the desired value by as much as 30%. One solution

2 Actually, due to the action of the springs and pins S, the calipers only make intermit-
tent contact with the wedge, which moves when the contact is released.



to this problem available to Harrison would have been to alter the sloping
surface of the calipers making them steeper at the larger values of 4.

Fletcher [5] provides us with yet another clue about the anisochronism
of H.1. When he restored it in the early 1950’s he noticed that stretching
the balance springs by tensioning the flat wires N through QQ an additional
0.5 mm caused the rate to change by “several minutes a day.” This amounts
to changing 6. by 0.5/200 = 2.5 mrad. If we interpret “several minutes” to
mean 120 s, then C = 120/2.5 = 48 s/day/mrad. This is a slightly larger
value then we obtained before; however, Fletcher does not report the setting
6. that he used.

5 Conclusions

We present a theory of the spring-balance systems used in H.1 and H.2. Our
analysis of H.1 and the observations of Fletcher give quantitative insight
into the adjustments that Harrison originally applied to his temperature
compensator. We find that temperature compensation and anisochronism
are proportional in the first two sea clocks, and consequently adjustment of
the mechanism to provide effective temperature compensation comes at the
expense of a high degree of anisochronism. Moreover, the actual correction
returned by the compensator changes dramatically with temperature as it
under compensates at lower temperatures and over compensates at higher
temperatures.
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A Appendix

Here we shall derive the expressions for the period and anisochronism of
the nonlinear oscillator. We do this by piecing together two harmonic solu-
tions that apply in the two regions where a spring is first blocked and then
unblocked. In both cases the solution for the deflection angle has the form

0= % sinw(t —t;) + 6; cosw(t — t;), (7)
where ¢ is the time with an initial value of ¢;, the initial angular position and
velocity of the balance are #; and v;, and w is the natural frequency. Initially
the balance is at maximum deflection with zero velocity. We calculate the
time required for the balance to reach the neutral position. As we are ne-
glecting the effects of damping and the escapement, this time interval is one
quarter of the period of the steady solution.

Blocked Solution At maximum deflection when t = ¢; = 0, we set §; =
Omaz and v; = 0. As one of the springs is blocked the natural frequency is
w=uw, = \/(KL + Kg)L?/1, where L is the radius of the balance cheeks and
I is the moment of inertia of the balance. From Eq. 7 the solution for the
deflection angle in this region is

0 = 0,45 COS Wpt. (8)

At time t = t;, the balance reaches 6.. Consequently

a = coswpty = \/1 — sin® wyty. 9)

Solving for t;, yields

1
ty = — cos ' . (10)
Wy
The velocity at 6. is
Ve = —Oppaewp SIN Wty = —OmaawpV' 1 — 2. (11)



Unblocked Solution The natural frequency now changes to w = w, =
\/2K,L?/I. The initial values in this region are §; = 6. and v; = v.. The
solution for the deflection angle is

V1—a?

0= —QmamT sinwy, (t — tp) + 0. coswy, (t — tp). (12)

At ¢t =ty + ¢, the balance reaches § = 0 where

N
0= _vooe SIn wyty, + COS Wy ty. (13)
o

1 _ Ba
ty, = w—utan ! (\/ﬁ) . (14)

Thus

Period of Oscillation The time required for the balance to travel through
a complete oscillation is

T =4(ty + tu). (15)
Substitution of Eqgs. 10 and 14 yields
™ -1 -1 Pa
2—% = ﬁCOS a 4+ tan (W) s (16)
where
To =27 /wy (17)

is the period of the oscillation of the balance when the springs remain un-
blocked throughout their motion.

A useful expression is obtained by taking the derivative of T" with respect
to a. After a bit of algebra we obtain

2Toda /1 —a2 |1 —a2(1 - 32|
Compensator Loss We define the compensator loss C to be
1dT  1dT 1 dT
_1drr _ 1dTda d (19)

~Tdi, Tdadf, 0,,,Tdo’

where dT'/da is given by Eq. 18. C is the rate loss as the pad angle 0. is
increased.
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Anisochronism We define the anisochronism A to be

_1.dr 1dT" da  «a dT
A= CTdb,..  Tdadb,,, Ome.d do’ (20)

where dT'/da is given by Eq. 18. A is the rate gain as the semi arc 0,,,,
increases. Notice the important result that

A=aC. (21)

Special Cases The stiffness transition at 6. can be eliminated by setting
£ =1 or by moving it to 0,,,, where a = 1. These conditions yield

T =T, when f=1or a=1. (22)
The stiffness transition can also be moved to the origin where
T = Ty when a = 0. (23)

We find that
C=A=0when f=1o0ra=0, (24)

meaning these configurations are isochronal and yield no temperature com-
pensation; however,
C=A=o00when a=1, (25)

meaning this configuration is unstable.
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